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Annotation

In mathematical analysis, the methods of calculating complex integrals, as well as finding the sum of
series, have been sufficiently studied. In this thesis, series and integrals that can be easily and simply
calculated using the Euler’s formula are studied.
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Introduction
It is known that in mathematics, in particular, in mathematical analysis, there are enough methods of
Euler's formulas based on solving problems in a simple way. These methods are useful for calculating
the sum of a number of important integrals and series, and evaluated asymptotic estimates. This thesis
is based on one of these methods, which is based on the addition of trigonometric terms in the Euler’s
formula to the exponential function:

e’* = cosx + isinx.
where i = —1 is an imaginary number.
The following is the sum of series and integrals calculated using this method:

Example 1. Find the sum of the following series: (|q| < 1):
a) gsinx+q?sin2x+ -+ q"cosnx + -+
b) qcosx+ g?cos2x+ -+ q" cosnx + -
Solution.
First, we denote the sum of series a) and b) by A and B, respectively, and construct a sequence of their
partial sums:
A, = gsinx + g% sin 2x + -+ + q" sin nx
B, = qcosx + q% cos 2x + --- + q" cos nx
Now let's create the following sum:
B, +iA, = q(cosx + isinx) + q?(cos 2x + isin 2x) + -+ + q*(cos nx + i sin nx)

Using the Euler’s formula, we can write the above equation as follows:
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qe™(1 - (qe™)")

By + 1A, = qe™ + qZe?® 4 - 4 qRe™* =

)

1 — qel
At n — oo we move to the limit:
e — (qeix)m'l . qel® . (qeix)n+1
lim . = lim ———— — lim ————,
n-oo 1 —_ qelX n—oo 1 — qelx N—00 1 _ qelx
Since |q| < 1, the second limit on the right side of the equation is zero. In that case
qe* - (qeix)n+1 qel® 1 1
lim . = — = —— 1= 1=
n—co 1—qeX 1—qe* 1-—qeX (1 —gcosx) —igsinx

B (1 —qcosx) +igsinx "
" ((1 = qcosx) +iqsinx)((1 — qcosx) — iqsinx)
—1+2qcosx — q?cos’x —g®sinx + 1 —qcosx +igsinx _

(1 —qcosx)? + g?sin?x
qcosx — g2 _ qsinx
“1- 2qcosx + g2 +11 —2qcosx+ g%
From this equation we conclude the following;:
qcosx—q

2 qsinx

lim B A, = i .
nrgs o T 1A 1—2qcosx+q2-|_11—2qcosx+q2
Thus,
- 2
_ qsinx _ qcosx—q
A= limA, = , B=limB, = .
novw T 1—2qcosx + g2 noe 0 1—2qcosx + g2

Example 2. Calculate improper integrals.
a) Iy = ff;o e~ sin bx? dx.
+oo _

by ,b=)_e a* cos bx2dx.

Solution. To calculate these integrals, we consider the following difference,
+00 +00 +00

I, —il; = J e~ (cosbx? — isin bx?)dx = .[ emax’ gmibx* gy — J e~(@+ib)x? gy

— 00 — 00 — 00

As a result, we created the Poisson’s integral. It is known that the following equation is appropriate for

this integral:
+00
J P E,
—00 IJ

Therefore, the integral value calculated above is:

+00
. —ib
—(a+1b)x2d — n — a _1 —
f © X \Ja +ib Vm aZz + b2
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AT b b a b
= ———(+/a% + b2(cos(arctan—) — isin (arctan—) = \/11( —i )
Va? +b2( (cosC 2 a Va?+b2  va?+b?

equality arises. We now write the above integrals a) and b) from the equality of the real and imaginary
parts of complex numbers as follows:

I, —il; =+v/m

Hence the values of the given integrals are:

a W b
— — VT —,
vaZ + b2 vaZz + b2

b a
[ =Vi——, L =Vn—.
! Vaz+bz ° Vva? + b?
Example 3. Calculate improper integrals.
a) I; = f0+°° sinx™dx,
b) I, = f0+°° cos x™ dx.
Solution
To calculate these improrer integrals, we also consider the following difference:
I I -'j_oo n n d -ij.oo ixnd l'le =
—il = cosx" —isinx")dx = e” x = 11 =
=] ) dx = = (—iyntn"dt
0 0 n
+o0 oo
1, 11, 11 1, 1 11
= f e~ t—(=intn "dt = —(—L)nf e ttn dt = —(—i)nl'(-) =
n n n n
0 0
1 T T 3 1 1 T T 1

== (cosz - isinz)n r (5) = (COSZ - isinﬂ) r (;)
Hence, the values of the given improrer integrals are:

1_1_ nr(l) 1_1 nF<1)
1= ) 2= W)
In particular, when n = 2, the Fresnel’s integral is formed:
+00 +o
J o x? d 1 nr(l)_l\/ﬁ J 2 4 _1.71'1_‘(1)_1 T
sinx®dx = zcos 7 T(5) =5 |7, cosx*dx =gsin T\ ) =7 |=.
0 0

Example 4. Calculate improper integrals(a > 0):
a) I = f::o sin(ax? + 2bx + c¢)dx
b) I, = f::o cos(ax? + 2bx + c)dx
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Solution
To calculate these improrer integrals, we also consider the following difference:
+00 +oo
I, —il, = .[ (cos(ax? + 2bx + ¢) — i sin(ax?® + 2bx + ¢))dx = f emilax?+2bx+c) gy —

—00

\/_<\/—x+—) =t
400 ' b \2 b2 b2 teo . b \? \/_
= f e_l((ﬁx+ﬁ> +C_7>dx = e_i(C_T) f e_l(ﬁx+\/_a) dx =] x= L_i =
al avl
- - d _ﬂ
x—\/a

= e_‘(c_b_z) 1 f tde = \/7( i)2 (cos (c — —> —isin (c — %2>> =

=\/§(cosz—isinn <cos<c—b—2>—15m<c——>>=
a 2 2 a
T T b
=\/;(cosz—lsm <cos<c——>—lsm< _>>:
T T T
=\E(coszcos(c—z)—sm4sm<c—z)
[ b? T om b?
—L\/g <sm (c — 7) COSZ + Lstcos (C — ;))

From this equation the values of the given integrals are given:

; _\/ﬁ _ ac—b2+n ; _\/ﬁ ac—b2+n
1= asm - ) , = acos - ok
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